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 .This paper considers the space Y s C T , X of all continuous and bounded
functions from a topological space T to a complex normed space X with the sup
 .norm. The extremal structure of the closed unit ball B Y in Y has been
intensively studied when X is strictly convex, that is, in terms of its unitary
 .functions mappings from T into the unit sphere of X . We prove that if T is
 .completely regular and X has finite dimension, then every function in B Y is
expressible as a convex combination of three unitary functions if and only if the
condition dim T - dim X is satisfied where dim T is the covering dimension of TR
.and X denotes X considered as a real normed space . If X is infinite-dimen-R
sional the above decomposition is always possible without restrictions about T.
These results are interesting when X is complex strictly convex. As a consequence
we state a surprising fact: The identity function on the unit ball of an infinite-
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dimensional complex normed space can be expressed as the average of three
retractions of the unit ball onto the unit sphere. Really, such a representation is
the best possible. Q 1997 Academic Press
1. INTRODUCTION AND NOTATION
Let T be a topological space and let X be a complex normed space.
 .Denote by C T , X the space of all continuous and bounded X-valued
functions defined on T equipped with the uniform norm. We shall fre-
 .quently write Y in place of C T , X . By definition an element u of
 .  .  .  .C T , X is said to be unitary if u t g S X , ; t g T where S X is the
 . y1unit sphere of X. We consider the sets U Y and Y of all unitary
functions and all functions from T to X which omit the origin.
The purpose of this paper is to study the geometry of the closed unit ball
 .B Y in Y in terms of its unitary functions. Namely, we investigate under
 .which conditions an element of B Y can be expressed as a convex
 .combination of members of U Y .
 .  .Taking into account that U Y is the set of extreme points of B Y if
w xand only if X is strictly convex, Theorem 6 in 8 shows that if T is
completely regular and X is a strictly convex real Banach space, then
 .  .every function of B Y is a mean of three elements in U Y if either of the
following condition holds:
 .1 X has even dimension and dim T - dim X, where dim T is the
 w x .covering dimension of T see 5 for definitions and properties .
 .2 X is infinite-dimensional.
In this note we show that if X admits a complex structure then the strict
convexity can be removed. Moreover, as we will see, the hypothesis of
completeness on X is also superfluous.
The starting point of this article is the fact that every function in
 . y1B Y l Y can be represented as a mean of two unitary elements of Y
 .  .Theorem 1 . This result allows one to extend Proposition 2 some
arguments employed by Brown and Pedersen in their work on the geome-
try of the unit ball of a C*-algebra.
First, Theorem 1 yields that if l u q ??? ql u is a convex combination1 1 n n
 .of functions in U Y , then the element it represents is also a convex
 .combination of other unitary elements of Y with any set of coefficients
 .``closer to the mean'' than l , . . . , l Theorem 3 . As a particular case1 n
 .see Corollary 4 we obtain the inclusion
n
U Y q ??? q U Y .  .
l U Y q ??? ql U Y ; . .  .1 n n
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Second, using a slight modification of the definition of l-function given
w xin 1, Definition 1.1 we can apply Proposition 2 to produce a special
 .  .representation of each element f in B Y whose distance a f to the set
y1  .  .Y is less than 1 Theorem 6 . Namely, we prove that if f is in B Y with
 . w xa f - 1, then for any l , . . . , l g 0, 1 such that l q ??? ql s 1 and1 n 1 n
1   ..l - 1 y a f for all i, there are unitary functions u , . . . , u in Y suchi 1 n2
y1  ..that u s ??? s u s f on f S X and f s l u q ??? ql u on T.1 n 1 1 n n
 .As an immediate consequence we obtain Corollary 7 that each func-
tion of the open unit ball of Y is the mean of a certain number of
 .elements of U Y . The preceding corollary also shows that the norm
  ..  .  .  .closure of co U Y , the convex hull of U Y , is B Y Corollary 8 and
 .  .that Y is the linear expansion of U Y Corollary 9 .
 .   ..   . 5 5  . 4We also prove that B Y _ co U Y s f g B Y : f s a f s 1
 .Corollary 10 .
In Theorem 12 we give some characterizations of those function spaces
 .  .   ..C T , X which satisfy the condition B Y s co U Y .
We discuss the number of unitary functions needed for such a decompo-
 .sition and show, among other things, that each element of B Y is a mean
of three unitary functions if and only if the set Yy1 is dense in Y. In
particular, this occurs if X is infinite-dimensional or when, in case T is a
completely regular space, the inequality dim T - dim X holds where XR R
denotes the underlying real normed space of X. This number 3 cannot be
 w x.improved in general see 10 .
The aforementioned characterizations are of interest in case X is
 .complex strictly convex Corollary 16 . For a detailed account of these
w xspaces the reader is referred to 6 .
Lastly, from Theorem 12 we deduce that the identity mapping on the
unit ball of an infinite-dimensional complex normed space is the average
of three retractions of the unit ball onto the unit sphere. The number 3 in
 w x.the above decomposition is the best possible see 8, Proposition 9 .
2. THE RESULTS
From now on we suppose, unless otherwise stated, that T denotes a
topological space, X a complex normed space, and Y the function space
 .C T , X . For each f in Y we consider the notation
y1 5 5a f s dist f , Y and m f s inf f t : t g T . 4 .  .  . .
Our starting point is the following theorem. A similar result was proved
w xin 8, Theorem 4 for X a strictly convex Banach space with even or
infinite dimension.
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y1  .THEOREM 1. Let f be an element of Y l B Y and let l be a real
x w  . < <number in 0, 1 such that m f G 2l y 1 . Then there exist unitary functions
 . y1  ..u and u in Y such that f s lu q 1 y l u and u s u s f on f S X .1 2 1 2 1 2
  4 < < 5 5 4Proof. Consider the set B s x g X _ 0 : 2l y 1 F x F 1 . We de-
 .fine the functions F , F : B ª S X by1 2
22 25 5 5 5x q 2l y 1 1 x q 2l y 1 .  .
F x s q i y x . )1 2 2 2 /5 5 5 5 5 52l x x 2l x 0
and
F x .2
22 25 5 5 5x y 2l y 1 l 1 x q 2l y 1 .  .
s y i y x .)2 2 2 /1 y l5 5 5 5 5 52 1 y l x x 2l x . 0
An easy computation shows that F and F are continuous satisfying1 2
 .  .  .the property lF x q 1 y l F x s x for each X in B. Then we can1 2
define unitary functions u and u in Y as F ( f and F ( f , respectively,1 2 1 2
and so
f s lu q 1 y l u . .1 2
 .  .The last assertion follows from the fact that F x s F x s x, ; x g1 2
 .S X .
w xNow we reformulate Proposition 5 in 8 in a more intuitive form. It
enables us to obtain some interesting consequences.
 .  . qPROPOSITION 2. Let us consider u g U Y , g g B Y , and a , b g R
 .  .  .4 with a ) b. If g , d belongs to co a , b , b , a the con¨ex hull of
 .  .4 2 .  .a , b , b , a in R , then there exist u , u g U Y such that a u q1 2
5  .  .5b g s g u q d u . Moreo¨er, if a u t q b g t s a q b for some t g T ,1 2
 .  .   .  ..  .then u t s u t s a u t q b g t r a q b .1 2
 .  . y1  .Proof. The function f s a u q b g r a q b belongs to Y l B Y .
Indeed.
a u t q b g t a y b .  .
5 5f t s G ) 0, ; t g T . .
a q b a q b
Since the hypotheses are symmetric in g and d , we may assume that
q w xd F g . By assumptions d , g g R , a q b s d q g and d , g lie in b , a .
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 . x w 5  .5  .  .Taking l s gr a q b in 0, 1 it follows that f t G a y b r a q b
 .  . < <  . < <G g y d r a q b s 2l y 1 , ; t g T. Hence m f G 2l y 1 , and by
 .applying the previous result there are u and u in U Y such that1 2
 . 5  .f s lu q 1 y l u , that is, a u q b g s g u q d u , and if a u t q1 2 1 2
 .5 5  .5  .b g t s a q b , then f t s 1 and by Theorem 1 we get u t s1
 .  .u t s f t as desired.2
Let Y be a function space. If the function f in Y is a convex
 .combination l u q ??? ql u of elements u , . . . , u of U Y , then, by1 1 n n 1 n
 .using Proposition 2 it is easily seen that there are other ¨ , . . . , ¨ in1 n
 .U Y such that
f s m ¨ q ??? qm ¨1 1 n n
 .  .  .4for each point m , . . . , m in co l , . . . , l , l , . . . , l when p is1 n p 1. p n. 1 n
 4a transposition in the group  of permutations of 1, . . . , n .n
Now we are ready to prove the following result.
THEOREM 3. If the function f in Y is a con¨ex combination l u1 1
 .q ??? ql u of unitary functions u , . . . , u of Y and m , . . . , m gn n 1 n 1 n
 . 4co l , . . . , l : p g  then there are unitary elements ¨ , . . . , ¨ in Yp 1. p n. n 1 n
such that f s m ¨ q ??? qm ¨ .1 1 n n
Proof. Assume f s l u q ??? ql u with1 1 n n
w x  4l q ??? ql s 1, u g U Y , l g 0, 1 , i g 1, . . . , n . .1 n i i
By renumbering, we may suppose l G l G ??? G l and m G m G1 2 n 1 2
 .  . 4??? G m . In this case, if m , . . . , m g co l , . . . , l : p g  byn 1 n p 1. p n. n
w x n 1. 1..  n. n..7, Lemma 13 there exist n elements in R l , . . . , l , . . . , l , . . . , l1 n 1 n
such that
l1. , . . . , l1. s l , . . . , l , ln. , . . . , ln. s m , . . . , m .  . .  .1 n 1 n 1 n 1 n
and
lkq1. , . . . , lkq1. s t lk . , . . . , lk . q 1 y t lk . , . . . , lk . . .  .  .1 n 1 n t 1. t n.
w xfor some t g 0, 1 and some transposition t in  . Taking into accountn
k . k .  .the commentaries we have made before there exist u , . . . , u in U Y1 n
such that
k . k . k . k .  4f s l u q ??? ql u for each k in 1, . . . , n .1 1 n n
 .Thus there are elements ¨ , . . . , ¨ in U Y such that f s m ¨ q ??? qm ¨ .1 n 1 1 n n
n. n.Namely, ¨ s u , . . . , ¨ s u .1 1 n n
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w xA similar result was proved in 7, Theorem 14 in case Y is a C*-algebra.
Applying the above result we obtain
COROLLARY 4. Each con¨ex combination of unitary functions in Y is a
mean of the same number of unitary functions.
Proof. Let l u q ??? ql u be a convex combination of unitary func-1 1 n n
w xtions u , . . . , u in Y. If l , . . . , l belong to 0, 1 with l q ??? ql s 1,1 n 1 n 1 n
 .  .  . .and p is in  , then 1rn!  l , . . . , l s 1rn! n y 1 !, . . . ,n p p 1. p n.
 . .  .n y 1 ! s 1rn, . . . , 1rn . Using Theorem 3 there exist ¨ , . . . , ¨ in1 n
 .U Y such that
1 1
l u q ??? ql u s ¨ q ??? q ¨ .1 1 n n 1 nn n
To get our next objectives we will need the following proposition which
is, in our opinion, interesting in itself.
PROPOSITION 5. Let T be a topological space and X a normed space.
 .Gi¨ en an element f in Y, there exists, for e¨ery d ) a f , a continuous
 .  .  . 5  .5 5  .5function u from T into S X such that u t s f t r f t if f t G d .
 .Proof. Choose r with a f - r - d . then there is a continuous map-
5 5ping h : T ª X which omits the origin and satisfies f y h - r.
w xLet w : X ª 0, 1 be a continuous function such that
5 50 if x F r
w x s .  5 51 if x G d .
Let us define the function g : T ª X by
g t s w f t f t q 1 y w f t h t , ; t g T . .  .  .  .  . .  . .
5  .5  .  . 5  .5If f t F r, then it is clear that g t s h t ; if f t G d , we have
 .  . 5  .5  .g t s f t ; and if r - f t - d it follows that g t / 0. Hence, g is in
y1  .  . 5  .5Y . The proof is complete if we define u : T ª X by u t s g t r g t
for each t in T.
Now we are ready to prove the main result.
 .  . x xTHEOREM 6. Let f be in B Y with a f - 1. For any l , . . . , l g 0, 11 n
1   ..such that l q ??? ql s 1 and l - 1 y a f for all i, there exist1 n i 2
unitary functions u , . . . , u in Y such that f s l u q ??? ql u . Further-1 n 1 1 n n
y1  ..more, u s ??? s u s f on f S X .1 n
 4 XProof. Assume that l G l for every i g 1, . . . , n . Let l s l q e1 i 1 1
and lX s l y e with e ) 0 sufficiently small, so that 0 - lX and2 2 2
COMPLEX EXTREMAL STRUCTURE 611
X 1 X 1 X  ..  .l - 1 y a f . Clearly l - . We see at once that a f - 1 y 2l .1 1 12 2
 .  .  . 5  .5By Proposition 5 there is a u g U Y such that u t s f t r f t if
5  .5 Xf t G 1 y 2l .1
 X .  X .  .Taking g s f y l u r 1 y l , it is easy to check that g g B Y and1 1
that
f s lX u q 1 y lX g s lX u q lX q l q ??? ql g . .  .1 1 1 2 3 n
 .  .  . 5  .5Observe that u t s g t s f t if f t s 1.
Since lX ) lX , by Proposition 2 we have lX u q lX g s lX e q lX uX for1 2 1 2 1 2 2 2
X  . 5 X  . X  .5 X Xsome e , u in U Y for which the equality l u t q l g t s l q l2 2 1 2 1 2
implies
lX u t q lX g t .  .1 2Xe t s u t s . .  . X X2 2 l q l1 2
5  .5  . X  .  .In particular, if f t s 1 then e t s u t s f t .2 2
 .Repeated application of Proposition 2 enables us to find e , u in U Y3 3
X X 5  .5  .such that l e q l g s l e q l u and, when f t s 1, e t s1 2 3 1 3 3 3 3
 .  . Xu t s f t . After n y 1 steps we get unitary functions e , u , u , . . . , u3 n 2 3 n
in Y such that
f s lX e q lX uX q l u q ??? ql u1 n 2 2 3 3 n n
satisfying the condition
5 5 Xf t s 1 « e t s u t s u t s ??? s u t s f t . .  .  .  .  .  .n 2 3 n
Now use Proposition 2 on the element lX e q lX uX to obtain two ele-1 n 2 2
 .  .  .  . 5  .5ments u , u in U Y such that u t s u t s f t for f t s 1 and1 2 1 2
lX e q lX uX s l q e e q l y e uX s l u q l u . .  .1 n 2 2 1 n 2 2 1 1 2 2
Substituting this in the above decomposition we conclude that
f s l u q ??? ql u1 1 n n
5  .5  .  .  .and if f t s 1, then u t s ??? s u t s f t , as claimed.1 n
w xA version of this theorem appears in 3, Theorem 3.3 for Y a C*-alge-
bra.
 . 5 5Taking into account that a f F f for all f in Y, we can apply
Theorem 6 to show that each element of the open unit ball of Y is a mean
of n unitary functions of Y. Note that n increases when f is nearer to
 .S Y .
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5 5COROLLARY 7. If f is a element of Y with f - 1, then there are n
 .  . .functions u , . . . , u in U Y such that f s 1rn u q ??? qu for some1 n 1 n
integer n ) 2.
w xThe preceding result was obtained in 7, Theorem 1 when Y is a
C*-algebra. From the above corollary we get the next result which was
w xproved in the case X s C by R. R. Phelps 9, Theorem 1 . Afterwards it
w xwas established for any C*-algebra 12, Theorem 1 .
 .  .COROLLARY 8. B Y is the closed con¨ex hull of U Y .
 .COROLLARY 9. Y is the linear expansion of U Y .
In Corollary 7 we proved that every point in the open unit ball of Y
  ..belongs to co U Y . Now, we see which points f in the unit sphere of Y
do not admit a representation as a convex combination of unitary func-
tions and we obtain a similar characterization to the one given by
w xM. Rùrdam in case Y is a C*-algebra 11, Corollary 3.5 .
 .   ..   .  . 4COROLLARY 10. B Y _ co U Y s f g B Y : a f s 1 .
 .  .  .Proof. If f g B Y _ coU Y , we have that a f s 1 by Theorem 6.
  ..Conversely, if f g co U Y then f s l u q ??? ql u for some natural1 1 n n
w xnumber n, l , . . . , l in 0, 1 with l q ??? ql s 1 and u , . . . , u in1 n 1 n 1 n
 .  . 5 5U Y . Then a f F f y l u F 1 y l . Summing over i this means thati i i
 .  .a f F 1 y 1rn, whence a f - 1.
In order to prove other results we are interested in, we specialize the
 w x.definition of the Aron]Lohman l-function see 1, Definition 1.1 as
follows.
DEFINITION 11. Let T be a topological space, X a normed space over
 .  .  .  .K R or C , and Y s C T , X . For each f in B Y we define l f as theu
w x  .supremum of numbers l in 0, 1 for which there exists a pair u, g in
 .  .  .U Y = B Y , such that f s lu q 1 y l g.
 .  .Clearly l f F l f and the two functions agree if and only if X isu
strictly convex.
In the next proposition we collect all the information about the struc-
ture of the unit ball of Y in terms of its unitary functions.
THEOREM 12. The following statements are equi¨ alent:
1 .  . x w1 For e¨ery f in B Y and for any l , . . . , l g 0, with l1 n 12
q ??? ql s 1, there are unitary functions u , . . . , u in Y such that f s l un 1 n 1 1
q ??? ql u .n n
n .  .   .  ..2 B Y s U Y q ??? q U Y rn for e¨ery n G 3.
 .  .   ..3 B Y s co U Y .
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 .  .  .4 l f ) 0, ; f g B Y .u
 .  .  .5 a f - 1 for e¨ery f in B Y .
 .  .  .  y1 .6 a f s 0 for e¨ery f in B Y that is, Y is dense in Y .
Moreo¨er, if we suppose that T is completely regular and X has finite
 .  .dimension, then the conditions 1 ] 6 are equi¨ alent to
 .7 dim T - dim X .R
 .  .  .  .  .  .Proof. The implications 1 « 2 « 3 « 4 are trivial and 4 « 5
 .  .  .is evident, because if f s lu q 1 y l g with u g U Y , g g B Y , and
y1  . 5 5l ) 0, then lu g Y and so a f F f y lu F 1 y l - 1.
 .  .  .On the other hand, 5 « 6 is proved by negation: Let f g B Y with
 .a s a f ) 0 and define a continuous mapping h : T ª X by
¡ f t .
5 5if f t G a .
5 5f t .~h t s .
f t .
5 5if f t - a . .¢
a
5 5  .  .Clearly h s 1. Then a h F 1. On the contrary, suppose that a h - 1.
x  . wLet l be in a h , 1 . By Proposition 5 the continuous function t ¬
 . 5  .5  . 5  .5 5  .5 h t r h t s f t r f t defined for every t with h t G l that is,
5  .5 .  .  .  .  .f t G al , has an extension u in U Y . Consider g t s f t q alu t
y1 5  .5for each t g T. The function g is in Y . Indeed, if f t G al we have
 .  .   . 5  .5.  . 5  .5 5  .5g t s f t q al f t r f t s f t 1 q alr f t / 0 and if f t -
5  .5 5  .  .5 5  .5al, it is clear that g t s f t q alu t G al y f t ) 0. Moreover
5  .  .5  . 5 5f t y g t s al, ; t g T and so a s a f F f y g s al - a . The
 .contradiction gives a h s 1, as desired.
 .  .The implication 6 « 1 is an immediate corollary to Theorem 6.
 .  . w xFinally, 4 m 7 is proved in 2, Corollary 5 for X strictly convex. This
 . restriction is not a problem because the condition 6 and so all the above
.conditions remains true for any equivalent norm on X.
 .It is worth mentioning that Condition 2 in the above result is not
satisfied for n - 3. In fact, Robertson proved that if T is normal with
dim T - 2 and X s C such a number cannot be reduced to two. This is
 w x.only possible if T is an F-space see 10 .
 .When X is infinite-dimensional, condition 6 in Theorem 12 holds
automatically. This fact can be derived from the existence of continuous
 w x.retractions of the unit ball of X onto its unit sphere see 4, Theorem 6.2 .
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Indeed, given f g Y and e ) 0 the function g : T ª X defined by
e5 5f t if f t G .  . 2
g t s . e 5 5r f t if f t F , .  . . 2
 .  .  .  .where r is a continuous retraction from er2 B X onto er2 S X ,
y1 5 5belongs to Y and f y g - e . So, we have
COROLLARY 13. Let T be a topological space and X an infinite-dimen-
 .  .  .sional complex normed space. Then B Y s l U Y q ??? ql U Y for1 n
1x we¨ery natural n G 3 and l , . . . , l g 0, with l q ??? ql s 1.1 n 1 n2
Theorem 12 and Corollary 13 are the complex version now without
. w xstrict convexity or completeness on X of Theorem 6 in 8 .
 .Taking T s B X and f the identity function on T , Theorem 6 yields
the next result about retractions.
COROLLARY 14. Let X be an infinite-dimensional complex normed space.
Then, for each n G 3, there exist r , . . . , r retractions of the unit ball of X1 n
 .  .  ..onto the unit sphere of X such that x s 1rn r x q ??? qr x for e¨ery x1 n
 .in B X .
w xProposition 9 in 8 shows that the number 3 is the best possible in the
previous two results.
We now present some further applications of the above theorem. Before
doing so we mention a class of Banach spaces associated with the validity
of the strong form of the maximum modulus theorem.
DEFINITION 15. A point u of a convex subset E of a complex normed
 < < 4space X is a complex extreme point of E if u q zy : z g C, z F 1 ; E
 .for y in X implies that y s 0. The set of complex extreme points of B X
 .will be denoted by E X . X is said to be complex strictly convex if everyC
 .point of the unit sphere of X is a complex extreme point of B X .
It is clear that strict convexity implies complex strict convexity. The
 .  . 1spaces L m for a measure space S,, m and the Hardy space H are1
 w x.complex strictly convex and non-strictly convex see 6 .
The next corollary characterizes the complex extremal structure of the
 .unit ball of a function space C T , X when X is complex strictly convex.
COROLLARY 16. Let T be a topological space, X a complex strictly con¨ex
 .normed space, and Y s C T , X . The following conditions are equi¨ alent:
1 .  . x w1 For e¨ery f in B Y and for any l , . . . , l g 0, with l1 n 12
 .q ??? ql s 1, there are complex extreme points u , . . . , u in B Y suchn 1 n
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that f s l u q ??? ql u .1 1 n n
n .  .   .  ..2 B Y s E Y q ??? q E Y rn for e¨ery n G 3.C C
 .  .   ..3 B Y s co E Y .C
 .  .  .4 l f ) 0, ; f g B Y .u
 .  .  .5 a f - 1 for e¨ery f in B Y .
 . y16 Y is dense in Y.
Moreo¨er, if it is assumed that T is completely regular and X has finite
 .  .dimension, then the conditions 1 ] 6 are equi¨ alent to
 .7 dim T - dim X .R
 .  .Proof. It follows immediately from Theorem 12 that U Y s E Y ifC
and only if X is complex strictly convex.
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